Abstract: Forced vibration of non-uniform axially functionally graded (AFG) Timoshenko beam on elastic foundation is performed under harmonic excitation. A linear elastic foundation is considered with three different classical boundary conditions. AFG materials are an advanced class of materials that have potential for application in various engineering fields. In the present work, variation of material properties along the longitudinal axis of the beam are considered according to power-law forms. Five values of material gradation parameter provides different functional variation and their effect on the frequency response of the system is studied. The present approximate method is displacement based and Von-Karman type of geometric nonlinearity is considered with rotational component to incorporate transverse shear. Hamilton's principle is used to derive nonlinear set of governing equation and Broyden method is implemented to solve the nonlinear equations numerically. The results are successfully validated with previously published article. Frequency vs. amplitude curve corresponding to different combinations of system parameters are presented and are capable of serving as benchmark results. A separate free vibration analysis is undertaken to include backbone curves with the frequency response curves in the non-dimensional plane.
Introduction
Axially functionally graded (AFG) materials are a category of inhomogeneous materials, which are obtained by continuous and functional gradation of material properties along the axial/longitudinal direction. These materials can handle critical situations with unequal distribution of mechanical, thermal or chemical loadings. By virtue of their non-uniform distribution, they can adjust the static deflection to not exceed a threshold value, buckling load to not fall below a pre-specified level and/or natural frequencies either less than or exceeding a pre-defined range. Hence, it is natural to expect the usage and application of AFG materials to grow in the near future. Already, they find applications in civil, mechanical, aerospace and aeronautical engineering owing to their capability to improve distribution of weight and strength, and to ensure structural integrity.
It is understood that the most general kind of spatial functional gradation involves property variations along multiple axes. In case of a beam, such functional grading combines both the axial and thickness direction [1] [2] [3] [4] [5] . However, such an analysis involves added complexities in formulation and mathematical treatment. So, it is unsurprising to find that the majority of research work deal with study of FG beams having thickness direction gradation only [6] [7] [8] [9] [10] [11] . On the other hand, research effort devoted to AFG beams is quite limited and only recently researchers have taken interest into this domain. Various approaches have been adopted for investigating the static/buckling and dynamic behaviours of non-uniform AFG beams on the basis of Euler-Bernoulli beam model [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
However, in the Euler-Bernoulli beam theory, the effects of rotary inertia and shear deformation are neglected. For this reason, in case of sufficiently thick beams the model always overestimates the analysis outcomes, for example, the frequency response in forced vibration analysis. Hence, the Timoshenko beam theory [22] has to be employed to effectively analyse systems with large thickness. There are only a few studies in the literature con-cerning modelling and analysis of AFG beams on the basis of Timoshenko beam theory. Shahba et al. [23] introduced a new beam element and studied the free vibration and buckling behaviour on AFG tapered Timoshenko beams through FE approach. Huang et al. [24, 25] presented a unified approach to investigate free vibration and buckling behaviours of AFG Timoshenko non-uniform beams. Rajasekaran [26] adopted differential transformation method and differential quadrature element method of lowest order to perform free vibration analysis of rotating AFG Timoshenko tapered beams considering four first order differential equations. Sarkar and Ganguli [27] obtained closed form solution for free vibration of AFG Timoshenko beams with uniform cross-section, having clamped-clamped boundary condition. Calim [28] used complementary functions method and modified Durbin's algorithm to study transient behaviour of AFG Timoshenko tapered beams. Shafiei et al. [29] performed free vibration analysis on a rotary AFG micro-beam on the basis EulerBernoulli and Timoshenko beam theories using generalized differential quadrature method and compared the results of the two beam theories. Chen et al. [30] conducted free vibration analysis on a nanoparticle carrying AFG nano-cantilevers with an emphasis on the effect of mass and rotational inertia of the nanoparticle. Ghayesh [31] performed nonlinear forced vibration study of AFG Timoshenko tapered beams. Recently, Huang et al. [32] studied the free vibration a spinning AFG Timoshenko beam. A spectral-Tchebychev method was employed to solve the dynamic properties of the beam and finally, the effect of AFG material on critical speeds and whirling frequencies was obtained.
Interaction of FGM beam and elastic foundation is another important aspect of structural analysis. In fact, such interactions between elastic media and transversely functionally graded structures have received long-term attentions and have been explored quite frequently [33] [34] [35] [36] [37] [38] [39] [40] [41] . However, on this issue, significantly lesser number of papers are found to deal with AFG beams. Only a few articles are available in literature relating to elastic foundation supported AFG thin beams, where Euler-Bernoulli theory is utilised for mathematical formulation of the problem. Huang and Luo [42] presented a new and simple method to calculate the critical buckling loads of beams with axial inhomogeneity on elastic foundation, whereas, Lohar et al. [43] [44] [45] investigated the dynamic behaviour of AFG beam on elastic foundation. Research work in the field of AFG Timoshenko beam is extremely rare. Calim [46] analysed free and forced vibrations of AFG Timoshenko beams on two-parameter viscoelastic foundation. Complementary functions method was utilized to solve the differential equations in Laplace domain and modified Durbin's algorithm was applied to transform the results into the time domain.
Considering the above discussion, it is clear that behaviour of AFG Timoshenko beams on elastic foundation is a relatively unexplored research domain. But, keeping in mind that the uses and application of axially graded materials are likely to increase, a thorough study of such materials is essential. Hence, the present study is focussed to analyse forced vibration response of the above-mentioned axially graded system under harmonic excitation. Hamilton's principle is employed to formulate the problem. In the present study, the problem is solved by considering an indirect approach where the dynamic system is reduced to a static case by assuming force equilibrium condition at maximum deformation or at peak load. Only steady-state response is presented by assuming frequency of response of the undamped system is equal to that of the external excitation. The effect of the material gradation along the axis of the beam is studied along with effect of variation in foundation stiffness, taper parameter and length to thickness ratio. Operational deflection shape (ODS) of the system under vibration are also studied.
Mathematical formulation
A non-uniform AFG beam of length L, width b and variable thickness t(x), is considered for analysis in the present paper and it is shown schematically in figures 1 along the x, y and z coordinate directions. Linear tapering of thickness in the axial direction from the root (t 0 ) to the other end (t 1 ) is considered. The decrement in thickness takes place according to the expression, t(x) = t 0 (1 − αx/L), while width of the beam remains constant as shown in figures 1. In the present formulation, the beam is considered to be supported on elastic foundation of stiffness, K f . It is important to note that the foundation behaviour is assumed to be linear. Hence, the system is idealized as a series of linear springs which are attached at the bottom face of the beam as shown in Figure 1(a) .
The present work considers continuous variation of graded material properties along the beam length (x-axis). In the present work variation of elastic modulus and density are taken into account. These material properties are assumed to vary as a function of the axial coordinate according to the following power-law forms. Here, n is the gradient parameter describing volume fraction change of both constituents involved. Poisson ratio (µ) is taken as constant throughout the entire analysis. In order to have a better weight distribution, material properties are gradually increased from the root side (E 0 and ρ 0 ) to the other end of the beam (E 1 and ρ 1 ), considering opposite distribution to the thickness variation.
Three different classical boundary conditions i.e. clamped-clamped (CC), clamped-simply supported (CS) and simply supported-simply supported (SS) are selected. In-plane boundary conditions are assumed as immovable. The beam is subjected to uniformly distributed transverse time varying excitation, q(x,t) as shown in Figure 1(a) . The expression of the external excitation is given by, q = q(x)e jωτ , where ω is the frequency of excitation, j = √ − 1, q represents the intensity of the harmonic excitation per unit length of the beam and τ is the time.
Energy expressions
The present work is a displacement based approximate analysis. Here, displacement fields are assumed and substituted in appropriate energy formulation to obtain the system governing equations as functions of certain unknown parameters. Hence, it is important to express the energy functionals, such as strain energy (U), potential energy of the external excitation (V) and kinetic energy (T) in terms of the unknown displacement fields. In order to obtain the strain energy expression of the beam following strain-displacement relations [22] for axial strain (ϵ axial ) and shear strain (ϵ shear ) are considered,
Here, w, u and ψ are transverse, in-plane and rotational displacement fields, respectively. The rotational displacement field is taken into account in the above expression to incorporate the shear deformation and rotary inertia effect. Equation (1) is nonlinear in nature and first two terms together represent von Karman type nonlinear strain-displacement relation. All the displacement fields are functions of axial coordinate and are defined at the mid-plane of the beam.
It is important to note that, in the present study, total strain energy in the system includes the strain energy of the beam as well as foundation (U foundation ). On the other hand, strain energy of the beam again comprises of two components, strain energy due to axial strain (U axial ) and strain energy due to shear strain (U shear ). As a result, total strain energy can be expressed as follows:
Substituting the strain-displacement relations (Equations (1) and (2)), the strain energies, U axial , U shear and U foundation , can be expressed as follows,
Here, k sh is shear correction factor which is taken as 5/6 for rectangular cross-section of the beam. G(x) is the shear modulus and expressed as, G(x) = E(x)/2(1+µ) and A(x) is the variable cross-section of the beam. It should be noted that in equations (3) and (4), the material property terms appear within the integration, thus taking care of the variations along the axial direction.
It is advantageous to carry out the numerical computations in a normalised domain. Hence, the physical domain is converted to a normalised one by introducing the parameter ξ (= x/L). In the normalized domain, the strain energies are expressed as follows,
The expression for the total potential energy (V) due to externally applied transverse harmonic excitation is given as,
Here, q represents uniformly distributed type of excitation.
It is important to note that the present formulation has flexibility to handle other type of mathematically expressible loading patterns in equation (9) with minor changes in the formulation. Kinetic energy of the present dynamic system is expressed as,
Here, ρ(x) is the mass density of the beam. In the normalized domain (ξ = x/L), it can be expressed as follow,
Forced vibration analysis
The present formulation is carried out following energy method where Hamilton's principle has been adopted for deriving the governing differential equations of the system. The formulation is based on Timoshenko beam theory, where, shear deformation and rotary inertia effect is taken into account. In the present system geometric nonlinearity is incorporated by considering nonlinear straindisplacement relations. It is assumed that the system exhibits dynamic equilibrium at maximum amplitude of excitation which implies that at this point of time there exist no unbalanced forces in the dynamic system. This unique assumption converts the dynamic problem to static one. Hamilton's principle, whose mathematical form [22] is provided below, is utilized to derive the governing set of equations.
Here, δ is the variational operator, T is the kinetic energy of the system, U is the total strain energy stored in the system, V is the work done by the external loading/excitation and τ is the time. The expressions for these energy functionals (U, V and T) are furnished in the previous section (equations (6) , (7), (8), (9) and (11)). From the expressions it is noticeable that all the energy functionals are dependent on the displacement fields. In these expressions w, u and ψ are dynamic displacement fields which are completely separable by space and time. They are assumed as linear combinations of orthogonal admissible functions, φ i , α i and β i and a set of unknown coefficients (d i ) as follows, 
ω is the response frequency of the vibratory system, j = √ − 1 and τ is the time. nw, nu and nsi are the number of orthogonal functions for each of the displacement fields w, u and ψ, respectively. Appropriate start functions for these orthogonal set of functions (φ 1 , α 1 and β 1 ) must be selected to satisfy the flexural, in-plane and rotational boundary conditions of the beam. These start functions must also be continuous and differentiable within the domain. In Table 1 , the selected start functions for each of the displacement fields are shown for different boundary conditions. These start functions are used to generate the higher order functions (upto nw/nu/nsi) implementing Gram-Schmidt orthogonalization scheme [18] . Substituting the appropriate energy expressions and displacement fields into equation (12), the governing equation is obtained as follows:
Here, [K] is the stiffness matrix, [M] is mass matrix, {f} is load vector and {d} is the vector of unknown coefficient, respectively. The dimension of these matrices and vectors is (nu + nw + nsi). The elements of [K], [M] and {f } are provided separately in the Appendix. It is noteworthy that the stiffness matrix contains terms with unknown coefficients, thus making it nonlinear. As a result, the governing set of equations as represented by equation (14) is nonlinear in nature as well. An indirect method, in which the dynamic problem is reduced to an equivalent static problem, is adopted to solve nonlinear set of equations. The unknown coefficients are calculated for given amplitude of excitation and excitation frequency. The analysis assumes that at the peak excitation amplitude value the system satisfies the force equilibrium condition. The solution technique adopted in this analysis is one of the multidimensional quasi-Newton methods known as Broyden's method [47] . In this method the Jacobian is calculated on the basis of an initial guess and its value is updated in the successive iterations.
Determination of backbone curves
Backbone curve provides valuable insight about nonlinear behaviour of the systems along with significant information about degree of nonlinearity in the response. It can also be thought of as zero amplitude response of the system. So, it may be useful to study the behaviour of the backbone curve in relation to the frequency response curves in the non-dimensional plane. To obtain the backbone curve, a free vibration study is necessary. However, the study is conducted in two distinct steps. First, the deflected configuration along with the maximum amplitude of deflection is obtained by static analysis. Subsequently, free vibration study is conducted as an eigenvalue problem on the previously obtained deflected configuration. The objective is to identify the loaded natural frequencies. Consequently, the backbone curves are obtained by presenting loaded natural frequencies vs. maximum deflection amplitude plot in non-dimensional frequency-amplitude plane.
Static analysis
Principle of minimum total potential energy is utilized to formulate the static analysis, mathematically expressed as,
The expression of the energy functionals U and V remain identical to those presented in section 2.1. It is important to note that the external load is purely static in nature unlike the forced vibration case and time varying load component is eliminated. The assumed displacement fields in the static analysis are also made independent of time varying component by removing the temporal part (e jωτ ) in equations (13) . The sets of orthogonal admissible functions remain unchanged and are same as the force vibration analysis. Now, properly substituting the energy functionals along with assumed displacement fields, the set of governing equations for the static problem is obtained in the form given below:
The elements of [K] and {f } are identical to those of the previously explained forced vibration analysis. In the static analysis, the solution of the set of nonlinear equations is achieved using an iterative scheme following direct substitution method and the deflected configuration of the system is obtained.
Free vibration analysis
Hamilton's principle, as given by equation (12) is utilized to formulate the small amplitude free vibration problem. The expressions of T and U are already furnished in section 2.1 and remain unchanged, whereas, the term V reduced to zero. This is due to the reason that the free vibration study is conducted on the deflected shape of the beam whose static solution has been previously obtained.
The dynamic displacements are assumed as linear combination of space and time functions as shown previously in forced vibration analysis. However, for free vibration analysis, ω denotes the natural frequency of the vibratory system and d i s are the new set of unknown coefficients different from static analysis. φ i , α i and β i have the identical form as the static and as well as the forced vibration problem. After proper substitution of energy functionals along with the assumed dynamic displacement field, the set of governing equations for the free vibration problem is obtained in the form given below:
The obtained equation represents a standard eigenvalue problem, solution to which is obtained by using Matlab's intrinsic solver. Loaded natural frequencies of the deflected configuration are provided by the square root of the eigenvalues. The plot of the loaded natural frequencies vs. corresponding amplitudes in non-dimensional plane represents the backbone curve of the system.
Result and discussion
Presently, large amplitude forced vibration analysis of AFG Timoshenko beams resting on elastic foundation subjected to transverse harmonic excitation is performed to find out the frequency response of the system in terms of displacement amplitude. In the current study, only steadystate response is presented and frequency of response of the undamped system is assumed to be equal to the forcing frequency. An indirect approach is adopted for solving the problem, where it is reduced to a static scenario by assuming that under maximum amplitude of excitation, i.e., when the system suffers maximum deformation, the dynamic system satisfies force equilibrium conditions. This assumption converts the dynamic problem into an equivalent static situation, in which the excitation frequency and amplitude of the harmonic excitation are the input parameters that control system response. Length (L) and width (b) of the beam are taken as 0.2 m, 0.02 m, respectively, while, Length-to-thickness ratio (L/t 0 ) values are varied from 5 to 100. The length of the beam is fixed throughout the analysis, whereas, the thickness is calculated for each value of Length-to-thickness ratio (L/t 0 ). It should be noted that the higher values of L/t 0 correspond to thin beams and are considered here for comparison purpose. kg/m 3 . It is also important to note that, for the present AFG beam model, the root side of the beam (ξ = 0) is purely Aluminium and continuous gradation is performed along the length to obtain the material property at the other end (ξ = 1), which is purely Zirconia. The gradation of the material properties for different gradient parameter (n) are shown in Figure 2 . From the figures, it is observed that for n = 1 linear gradation of the material properties can be obtained, where 50% of each material (Aluminium/Zirconia) property contribution is observed. Due to this reason, for the best practice gradient parameter (n) beyond 3 and below 1/3 is not considered [48] . Poisson ratio (µ) with a value of 0.3 is taken as constant throughout the entire analysis. Four different value of the non-dimensional foundation stiffness parameter
here. These values are 0, 20, 40 and 60 respectively. Here, k f is the dimensional value of stiffness. In the present study, computation is conducted in a normalized domain (ξ = x/L). For generating the computation points for numerical solution within the normalized domain, gauss points (ng) are created along the length of the beam. A detailed convergence study is required for the choice of number of gauss points. Similar study is also applicable for the selection of the number of functions in the assumed displacement field as well. Such a study is necessary as these selections greatly influence the results of the numerical scheme. This convergence study is carried out on CC AFG non-uniform (α = 0.5) beam with gradient parameter, n = 2 on an elastic foundation having K f = 10. The comparison of non-dimensional fundamental fre- quency is conducted with respect to the relevant parameters considering no load condition. The results of the study are presented in Figure 3 and from these figures, number of gauss points (ng) and number of orthogonal functions (nw=nu=nsi) are selected as 24 and 8, respectively.
The present methodology and solution procedure is validated with the results of previously published paper of Ribeiro [49] for homogeneous and uniform thick beam without considering elastic foundation. The comparison of linear dimensionless natural frequencies for first five modes are tabulated in Table 2 for CC end conditions. Comparison of the nonlinear frequency response is also shown in The results are generated for different excitation amplitudes, foundation stiffness, gradation parameters, taper parameters and length to thickness ratio. These results are plotted in a non-dimensional frequency amplitude plane. The abscissa is represented by the non-dimensional frequency (ω f /ω 1 ) and the ordinate represents the dimensionless response amplitude (wmax/t 0 ). Here, the excitation frequency (ω f ) is normalized using the fundamental natural frequency (ω 1 ), whereas the maximum deflection (wmax) is normalized using beam root thickness root (t 0 ). To detect the effect more accurately, results are plotted separately for three different boundary conditions (CC, CS and SS) which are shown in different sub-plots under the figure caption (a), (b) and (c).
To obtain the frequency response plots frequency sweep is initiated at zero excitation frequency with a par- Table 6 :
frequencies of axially graded and non-uniform thick beam on elastic foundation for different Length-to-thickness ratio (L/t 0 ) considering ticular value of excitation amplitude and increased gradually towards resonance. This type of sweep is termed as forward sweep. Conversely, a backward frequency sweep is carried out by gradually decreasing the excitation frequency from a finite high value. The effect of excitation amplitude on the frequency response of AFG beam is shown in Figure 5 . Three plots for three different boundary conditions (CC, CS and SS) are presented. Foundation stiffness, gradient parameter, length-to-thickness ratio and taper parameter have been fixed at 10, 2, 20 and 0.5, respectively, whereas the nondimensional excitation amplitude is varied from 20 to 50 in steps. It is noted that the normalizing factor for the three boundary conditions are different as shown in Table 4. As the clamped end conditions are replaced by simply supported ends, overall rigidity of the system reduces as evidenced by the lower natural frequencies. It is observed from Figure 5 that at a given excitation frequency, the response amplitude of beam with SS boundary conditions ( Figure 5(c) ) are the highest, whereas for beam with It is evident from the figures that the general behaviour of the frequency response curves is similar. In all the cases two separate response branches are visible. In one branch, response amplitude monotonically increases with excitation frequency, while, in the other one it decreases with increase in forcing frequency. Interestingly, after a certain frequency value a multiple response zone is obtained, where, corresponding to one excitation frequency two responses are present. It is also observed that the plots are tilted towards the right of vertical in all three cases. This behaviour can be attributed to the stretching effect associated with large deflection resulting in additional stiffening of the system. Another important observation that can be made from these figures is that, if the excitation amplitude is continuously decreased the amplitude of the response is also going to decrease and at very low excitation amplitude the response curve will tend to almost merge with the backbone curve.
The effect of the foundation stiffness on frequency response is shown in Figure 6 . The excitation amplitude, gradient parameter, length-to-thickness ratio and taper parameter have been fixed at 60, 2, 20 and 0.5, respectively. Plots are generated considering four dimensionless foundation stiffness values, which are varied from 0 to 60. It is to be noted that foundation stiffness value '0' represents the case where the beam is without any foundation. Table 3 shows that, with the increase in foundation stiffness values fundamental natural frequencies increase in magnitude. The trend can be intuitively attributed to overall increase in stiffness of the system. From the figures, it is clear that, for CC beam (Figure 6(a) ) with the increase of the foundation stiffness the response amplitude decreases in the low excitation frequency zone. But the trend is completely opposite in the higher frequency zone. Similar trends can be seen for CS and SS beam (Figures 6(b) -6(c)) as well. There appears to be cross-over point in the response behaviour around ω f /ω 1 = 1.00 in each case. Another important observation is that the response curves of SS beam are more diverging in the non-dimensional plane from each other than the other two boundaries. Here, with change in foundation stiffness, four different backbone curves would be obtained. These backbone curves are not included in the figures in order to make them less cluttered.
The effects of the gradation parameter on frequency response are shown in Figure 7 . The excitation amplitude, foundation stiffness, length-to-thickness ratio and taper parameter have been fixed at 60, 10, 20 and 0.5 respectively. Plots are generated considering five gradation parameter, which are varied from 1/3 to 3. From the figure, it is observed that in case of CC beam (Figure 7(a) ), with the increase of gradation parameter the response amplitude is increasing in nature. Same trend can be found for the CS (Figure 7(b) ) and SS beam (Figure 7(c)) as well. Table 5 it is observed that the fundamental natural frequencies decrease with the increase of taper parameter values. This type of trend is found due to removal of material with increasing taper which further contributes to the reduction of beam stiffness. From the figures, it is observed that with the increase of taper parameter values, the amplitude of the response is increasing in nature in the low frequency domain, whereas, the trend is reversed at higher frequency range. In these sets of figures, the backbone curves for the four individual cases are not incorporated for the sake of better clarity.
The effects of the length-to-thickness ratio on frequency response are shown in Figure 9 . The excitation amplitude, foundation stiffness, gradation parameter and taper parameter has been fixed at 60, 10, 2 and 0.5, respectively. Plots are generated considering four different length-to-thickness ratio values, which are 5, 20, 25 and 100. It is important to note that the beam with lengthto-thickness ratio value 5 indicates that it is a very thick beam, whereas beam with length-to-thickness ratio value 100 resembles as a very thin beam. From Table 6 , it is observed that the fundamental frequency increases with the increase of length-to-thickness ratio value. From Figure 9 , it is noted that, with the increase of length-to-thickness ratio value, the response amplitude is decreasing in nature for all three boundary conditions. In case of CC beam (Figure 9(a) ) the effect is more prominent than the other two. CS beam shows the moderate effect (Figure 9(b) ), whereas this is negligible for SS beam, in which all the branches of curves for four different length-to-thickness ratio values are coinciding as a single curve (Figure 9(c) ). However, it is important to keep in mind that these trends are obtained in the non-dimensional plane. In terms of dimensional values there is bound to be sufficient differences between the curves corresponding to different length to thickness ratios. From the Figures 5-9 , the frequency response curves are categorized by two distinct zones. In the first zone, with the increase in excitation frequency, the response amplitude increases, while, in the other zone response amplitude reduces. Nonlinear behaviour of the system can be observed in the Multi response zone where two response amplitudes corresponding to the previously mentioned distinct zones are found. The branches of the response curve in these two zones are stable solutions. Theoretically, a third zone, where an unstable steady-state solution is possible, exists but cannot be captured through current methodology.
The effects of excitation frequency on the operational deflected shape (ODS) is studied and furnished in Figure 10 . For that purpose, a CC beam is considered with taper parameter of 0.5. The excitation amplitude, foundation stiffness, length-to-thickness ratio and gradient parameter have been fixed at 60, 10, 20 and 2, respectively. Figure 10(a) shows the representative points on the frequency-response curve at different frequencyamplitude combinations. On the increasing curve, the start of the multi-response zone is denoted by point 'a' and point 'b' represents the point at wmax/t 0 = 2. Point 'a1' and 'b1' are obtained on the same excitation frequency level as 'a' and 'b' respectively but on lower curve. The operational deflected shape corresponding to these representative points are shown in Figure 10(b) . The ODS corresponding to different representative points appear similar in nature but with different maximum response amplitude. However, one major issue can be noted that the response at the lower branch is out of phase with the response in the upper branch.
Conclusion
In the present study, forced vibration analysis under harmonic excitation is conducted on axially functionally graded non-uniform Timoshenko beam on elastic foundation. The nonlinear dynamic frequency response is studied considering nonlinear strain displacement relationship. The effects of shear deformation and rotary inertial taken into consideration following Timoshenko beam theory. Three different classical boundary conditions (CC, CS and SS) are considered along with the linear elastic foundation support. The formulation is able to handle other type of classical boundary condition, elastic foundation support and excitation pattern with minor modifications. A displacement based semi-analytical approximate method is utilized for the mathematical formulation and the governing set of the equations is obtained by using Hamilton's principle. For the numerical solution of the governing set of the nonlinear equations, a quasiNewton method, known as Broyden's method, is implemented. For the proper selection of different parameters for the numerical solution detailed convergence study is performed. The present methodology and the solution procedure are successfully validated with the previously existing results from literature. The effects of the excitation amplitude, foundation stiffness, gradient parameter, taper parameter and length-to-thickness ratio on frequency response curves are plotted in non-dimensional plane to serve as benchmark results. 
